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This text provides an explanation of some basic concepts of logic and an introduction to
propositional logi@andclass logic.

The original version of this text was written by the author in Dutch. Sascha Hardt made the translation into
English which was in turn edited by the author. Hu¢hor thanks Sascha for the marvellous job he has
done.
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l. WHAT IS LOGIC AND WHIS ITS USE?

1. BASIC CONCEPTS

What is l@ic? This is not an easy question to answer, but the following is a goodlsigit: is the
study of good reasoningThis definition is still ambiguous, because the term reasoning itself is
ambiguous. Reasoning can mean a process of thoughtrgumentas it isuttered or written, but

also the content of such a process of thought or argument. In the following, we are not primarily
concerned with the fam in which this content is cas$p not with thoughts andwvords. Instead, we

are concerned with theortent of arguments, with what is being argued and with the substance of
the reasons which are put forward in support of a conclusion.

1.1 What is an argument?

An argument consisiof one or morepremisesand exactly oneonclusionThe premises are the

starting points of the argument; the conclusion is what is assumed to follow from these premises.

Examples of arguments are:

Thieves are punished. Jean is a thief. Therefore, Jean is punished.

When it rains, you need an umbrella. It is raining. Therefore, ymdran umbrella.

2 KSy Al NrAyaz &2dz ySSR |y dzvoNBfftl® ,2dz R2y Qi ySS
Herding dogs are dogs and dogs are animals. Therefore, herding dogs are animals.

Paiis is the capital of France. TherefpRaris is not located rance.

o g ~ w N oPF

'YRNB A& GFfftSNJGKIY ¢AYY® YyR ¢CAYY@& Aa GFtftSN GKI
Y20KSNXY | SyO0Ss ¢AYYedQa Y2GKSNI Aa GFtftSNI GKFY ! yRNB
7. If Berlin is located in Flanders, Brussels is not the capital of England. Brudselsaipital of England.

Therefore Berlin is not located in Flanders.

Arguments 1 to 4 in the list above all have two premises and one conclusivever, they do not
appear in the same order, as the conclusion of argument 3 is placed between the twis@sem
Argument 4 shows that two premises may be found in one sentence. Arguments 5 and 6 show that
there can be arguments with less or more than two premises. Moreover, arguments 3 and 6 show
that there can also be invalid arguments, in which the conctudmes not follow from the premises.
Finally, argument 7 illustrates that arguments with nonsensical premises may still be valid: the
conclusion follows from the premises, even though thigehaps not immediately clear.

The arguments above all considtanly one argumentative step. An argument may also consist of
two or more steps. Where this is the case, the conclusion of the first step constitutes a premise for
the second step, or the conclusion of the second step constitutes a premise for thetdprcaad so

on. The following are examples of arguments with two and three argumentative steps, respectively:

! This characterisation deviates from the more common one which holds that logic is the stalidof
reasoning. The reason for this deviant definition is that the boundary between validity andrsess(see
sections 1.3 and 1.4) can only be clearly defined where reasoning is formalised (see section 3.1).

2



ELEMENTARY LOGIC FOR LAWMRRIHAGED16)

1. Danny is six years qgldnd therefore younger than 18 yeaws person younger than 18 years is a minor
for the purposes of criminal law. Thereg&rDanny is a minor for the purposes of criminal law. Minors
are excluded from the application of regular criminal law. Hence, Danny is excluded from the
application of regular criminal law.

2. Elly has bought the book from Petra. Therefore, Elly is the owhthe book and majorbid Anouk to
read it. Now that Elly has indeddrbidden! y2dzl G2 NBIFIR GKS 022132 !y2dzl VYI

The first of these two arguments is hopefully setplaining. The second is somewhat more
complicated, since a numbef premises is not explicitly mentioned.

Premise
Elly has bought the book from Petra

Interim conclusion / premise

Elly is the owner of the book

Interim conclugon / premise Premise

Elly may forbid Anouk to read the Ellyhasforbidden Anouk to read the
book. book.

Final conclusion

Anouk may not read thbook.

Althoughit is possible that one argument has two or more conclusiam@syillassumeg for the sake
of convenience that one argument can have only one conclusfdhmore than one corlasion is
present, we assume that there are several arguments, one for each conclusion. For example:

al NB KIFa aYSI NBR & eoNjgaloLsy\ Vhéreford, Mayy$nQsh bedt thd dédtsaidzil
lyySQa @Arairid (G2 GKS KIFIAMRNBAASNI YR A& LlzyAaKlIoftS T3

We analyse this as two separate arguments:

% This is more convenient, as it would otherwizepossible that an argument has one conclusion which does
follow from the premises and one whicloes not. Is such an argument valid or not?
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1.al NBE KI & &aYSINBR
visit to the hairdresser.
2.al NBE Kla &aYvYSkNBR

@NHzL) Ayid2 'yySQa KIFAN 2dzi 2F 2SI

ax

@ NUzL) Ay G2 ! yy Suighatfelfok addadtdzi 2 F 2SI

ax

1.2  Propositions

Premises and conclusions apeopositions A proposition is anything that is expressed through a

RSOt INIGA@BS aSyiSyOSo ¢KS a&yWwSy O8HE SkilQ & BLING a3
proposition. The same i NJzS F2NJ G6KS RSOfFIN}GAGPS &aSyiSyoSa w
RNAGSY 08 tASNNBQ

¢tKS aSyidSyOS utieied by BascKadzypidéds CaBother proposition than the same
sentenceuttered by Jaap. The same sentenaigered | (i y 2 Qérhoghidg expkeysesiafother

proposition than when it isittered at half past four in the afternoon.

Therefore it is possible that different declarative sentences all express the same proposition, while
the same declarative sentencettered by someone eks or at a different time or location, expresses
each time aifferent proposition.

By the way, there are many sentences which are not declarative:

Run to the moon!

LQY WIFLXD 6AYy AYUiINRRdzOAY3 2y SasStFo
A cup of coffee, please. (at the café)

Asshole!

Could pu please open the window?

| christen this ship th@resident van Rompuy.

t NB LJ2 &A 0 ARty v@lueR @ GG K & & Wi NHzl K @ue®@ dEBdeFPAe tritH valle®dfa S A G K S
declarative sentence is the truth value of the proposition expressedhiy/ sentence. Since a
declarative sentence can express different propositions depending on its contextthierefore
L2aaArofsS GKFEG GKS RSOf utthkddiby WBhiny dh&syaldifefedtSrutiivaluel ¥ K dz
from that of the same sentencattered by Maurice. The first sentence means that Johnny is hungry

and is true if he actually is. The second sentence means that Maurice is hungry and is true if Maurice

is hungry.

1.3 Validity

An argument is the inference of a conclusion from one or more presnid& will primarily focus on
deductive arguments, og better ¢ arguments which are valid according to standards of deduction
(deductive validityf.

*Wnknow? A& y2d | (NHziK @I f dzS3 06 dzii bNSSA & NIISKAS t230aNT 5\ yupdayt | SyReie
play a role in logic. We would then have three categories: knowing that it is true, unknown, anthgrbet it

is not true. We will not go further into this here, even though this form of logic is relevant to lawyers. Think, for
instance, of proof in criminal law.

* Other forms of validity, where the premises of an argument make its conclusion acteptatdo not

warrant its truth, will be left out of consideration. Nevertheless, these forms of validity are sometimes of great
importance for lawyers. Think, for instance, of reasoning by anaofyytioriande contrario
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An argument is deductively valid if and only if¢ it is logically impossible that all premises of
the argument are truewhile the conclusion is not.

The validity of an argumentlates only to the question whether the conclusion follows from the
premises. Validity does not say anything about tifu¢h of the premises or of the conclusion as such.
Hence, avalid argument may very well havalse premises or arialseconclusion. It may also be the
case that a valid argument has one or méatse premises while its conclusion is still true. What is
impossiblein combinationis the following:

- that an argumenis deductively valid;
- that all premises of the argument are truand
- that the conclusion of the argument is not true.

All other combinations of truth anthlsity are possible in a valid argument. The following arguraent
are all valid:

All horses can fly.
Birds cannot fly.

Birds are not horses.

Jan is a thief.
Thieves deserve a reward.

Jan deserves a reward.

Either André still has my book or Juliette has burned it.
Julette has not burned my book.

André still has my book.

1.4 Soundness

Where an argument is valid, that does not guarantee that its conclusion is true. After all, it may be

the case thatat least one of the premises of a valid argumerfaise In such a case, the conclusion
may also befalse In order to be certain that the conclusion is true, we need a valid argument with
true premises. Such an argument is caednd

An arguments sound if it is valid and has only true premises.

If an argument is valid and has true premises, its conclusion must logically also be true. Therefore

every sound argument has a true conclusion (check this).

° The horizontal line sepates the premises from the conclusion of an argument. Aboeditie are the

premises (one or more), while the conclusion is below the line. The line makes no claim as to whether the
conclusion actually follows from éipremises.
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The following arguments are sound:

Not a shgle prime number can be divided by three.
103 is a prime number.

103 cannot be divided by three.

The state of New York is situated in the United States.
No state is situated both ithe United States and in Europe.

The state of New York is not situated in Europe.

Exercises

1.

Give definitions of

- anargument;

- aproposition;

- (deductive) validity;
- soundness.

Explain why it is possible that one sentence, depending on context, can express different
propositions.

Explain why it is possible that different sentences express the same proposition.

For each of the following arguments, determine if it is siiun

a. Cows are animals.

Animals are born.

Cows are born.

. Lawyers are good at arguing.

Donkeys are not lawyers.

Donkeys are not good at arguing.

. Even numbers ardivisible by four or become divisible by four after two has been added to

them.
The number 14 is not divisible by four and also does not become so after two has been
added.

14 is not an even number.
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2. LOGICAL FORM

2.1 Anexample

Considethe following argument:

If the social democrats win the elections, the VIl be reduced in combination with the
introduction of a tax on an orease in the value of shares.
The social democrats are not going to win the elections.

It is not the case that the VAT will be texkd in combination with the introduction of a tax on an
increase in the value of shares.

Many will still find it difficult to determine if this argument is valid. But now look at the following
argument:

If Belle is a dog, she is an animal.
Belle is not dog.

Belle is not an animal.

The latter argument is clearly invalid. After all, Belle may be another animal than a dog. In that case,
both premises would be true, but the conclusion wouldfalse But if the latter argument is invalid,

then the former argument about taxes must be equally invalid, since it is the kerdef argument.

Only the sentences of which it is composed are a bit longer and the argument concerns a subject
about which most people knowess than about dogs and other animals. Therefore, many people
recognise the invalidity of the former argument less easily.

2.2  Why logical form is important

The above thought § KIF 4§ = AF 2y S | NHdzYSyd Aa 2F WiKS &l yYs$s
valid or both be invalid illustrates the importancef¢g K| & f 23AO0OAl ya OlFff GKS
What an argument is about, its content, is not relevant for its validity; only its form is. The invalidity

of the first of the two arguments above hasthing to do with the social democrats or with &

just as the invalidity of the second argument has nothing to do with dogs and other animals. All of
that is content. What is important, however, is that both arguments have the same form:

If A then B.

Not A.

Therefore not B.

The geneal form of the argument is invalid, antthat is why all particular arguments which share this
form are also invalid.

®Thisis not a completglexact way of putting it, sincan argumentdoes not necessarily have only one logical
form but can potentially have two or more (see chapter 111.1). An argument is still logically valid if at least one of
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The validity of an argument is determined by its logical form. If a logical form is valid, all arguments
of this form are valid. If a fan invalid, so are all arguments of this fofm.
2.3 Some more examples

We already discussed an example of a logical form which is invalid and two argumenthaikech
this form and arghereforeinvalid as well. In the following sections, wél examine vati and invalid
argumentative forms in a systematic manner. Some examples may already be useful at this point.

One logical form is:

If A then B.

A.

Therefore B.

This is a valid logical form, which is knowna 2 Rdza ot 2y Sylke2fdlowin@tyWdS y & Q @
argumentsgtake this form and are therefore valid:

If the minister is a criminal, he must resign.
The minister is a criminal.

Theministermust resign.

The weather lady forecasts rain and there was no error in the weratbmputer.
If the weather lady forecasts rain and there was no error in the weather computer, it is going t
rain.

(@)

It is gong to rain.

The latter argument illustraeld K1 G g KF G O2YS&a | FGSNI WLFXQ YlI& 068
order in which the premises appear does not determine the logical form.

The second example concerns the following logical form:

No A is B.

Xisan A

Therefore, X is no B.

its logical forms is valid. For now, however, avay simply assume that an argument has precisely one logical

form and that this form determines the validity of the argument.

"This close entanglement of validity and logical form is what makes it possible to study logic as an independent
academic discime. If we had to study the validity of each individual argument, the complexity of the subject

would render logic as a discipline impossible. But since validity is determined by the form and not by the
O2yGSyid 2F |y I NBdzYS yhilaicd farAs\ vhichihdakes iBabit dasieh. (2 RSIFf gAd
8 This logical form Wibe discussed in more detail in chapter 11.2.4.
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This formis valid, which therefore is also true for the following argument of the same form:

Didier is a lawyer.
Not a single lawyer understands mathematics.

Didier does not understand mathematics.

¢KA&d SEFYLXS R2Sa y2i 2yte AftdzaiaNIrdS G(KS @It AR
rendered in natural language into its logical form is not always simple. For instance, the logical form

O2y il Aya (GKS LIKNI &S WhaifoundiytheQimumer Aidihltha coickisioa LIK NI
2T GKS t£23A0Ff FT2NX 6S aSS Wia y2Q3 gKAES Ad al e

Exercises

It is not easy to determine what the logical form of an argument is without having defined
beforehand whichparts of an argument concern its form and which parts relate to its content.
Nevertheless, it is often possible to give a correct ansgver at least one that is not wrong by
intuition.

1. Determine the logical form of each of the following arguments.

a. Someone who is a lawyer can become a judge.
Petra cannot become jadge

Petra is not a lawyer.

b. If he has won the lottery, he is rich.
He is rich.

Hehas won the lottery.

c. If you have the flu, you have the symptoms X, Y en Z.
Jean has the symptoms X, Y and Z.

Jean has the flu.

2. Which of the following argumenthas the same form as that in exercise 1b above?

a. If it rains, the roofs get wet.
It is raining.

Therefore, the roofs are getting wet.

b. Ifit rains, the roofs get wet.
The roofs are getting wet.

Therefore, it is raining.
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c. Ifitrains, the roofs get wet.
The roofs are not getting wet.

Therefore, it is not raining.

3. INTERIM SUMMARY

Logic is the studyf good arguments and that usually means the study of deductivalid
arguments An argument consists of one or mgoseemisesand( per definitiong one conclusion

Both the premises and the conclusion gweopositions A proposition is what is expresséy a
declarative sentenceExactly which proposition it is that is expressed by a declarative sentence can
depend on the speaker, the place and time at which the sentenaédsed, and possibly on other
circumstances.

An argument isleductively validhereinafter: valid) if it is logically impossible that all its premises are
true while its conclusion is not. A valid argument with only true premises guarantees that the
conclusion is also true. Such an argument is calbeohd

Whether an argument is vidl depends on its logical form. Arguments which share the same logical
form are either all valid or all invalid, depending on whether the form is valid or invalid.

4. WHAT IS LOGIC GOQDR?

Logic isfirst and foremosusefulfor determining whether a gien argument is good. In rough terms,

one could say that an argument is good if it is technically sound. That means that all the premises of
the argument must be true and that the argument is valid, so that the conclusion follows from the
premises. Generbl, logic does not assess the truth of the premisdmt only whether the
conclusion logically follows from the premisesn other words,whether the argument is valid.
Where a conclusion does not logically follow from the premises, this does not autaiasay that

they are not true, but only that they do not support the conclusilfrihe argument in question was

the only reason to consider the conclusion true, invalidity of that argument means that there is no
longer a reason to do so.

Consider, foinstancethe following line of argumentation:

If Guy has committed the murder, he had gunshot residues on his hands.
Guy had gunshot residues on his hands.

Hence, Guy has committed the murder.

A person who has committed murder must be given a prisemtence.
Therefore Guy must be given a prison sentence.

The first argument, whose conclusion is that Guy has committed the murder, is invalid, since it has
the following invalid form:

°If the premises of an arguamt are interim conclusions, their truthsually cannot be proven on logical
grounds aloneHowever, their rzdibility ¢ which is quite distinct from trutlg is affected where the arguments
from which they follow are invalid. And validitgnbe assessed by logic.

10
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If A then B.

B.

Therefore A.

Therefore the gunshot residues do not constitute evidengeor at least constitute insufficient
evidencé® ¢ for the claim that Guy has committed the murder. If there is no other proof that Guy has
committed the murder, the claim that he has done it is not supported. The second conctusian

Guy must be given prison sentence; follows from an argument which is valid, but it still lacks
support, since the truth of a conclusion is only guaranteed if all the premises are true. And since one
of the premises of the second argument is the conclusion of the inviaéildne, we cannot be
OSNIFAY 2F Dd2Qa 3dzAf 4o

Logic camot only be used to assess the quality of existing arguments, but alfmrraulate good
arguments. The latter is particularly useful when it comes to writing argumentative texts, i.e. texts
which sek to convince the reader of a certain position or claimessence, such a text is one long
argument which consists of several steps.

Premise Premise
Interim
Conclusia Conclusion
. Interim
Fremise Conclusia

Premise

If each ofthe individual steps of such a line of argumentat@mnstitutes a valid argument, the fiha
conclusionlogically follows from the line of argumentation as a whole. This does not guarantee the
truth of the conclusion, since one or more of the premises can stilfabse But if the line of
argumentation is valid, one of the two requirements ofj@od argumentative text is fulfilledihe
other requirement is that the premises are true, but logic has little to say about that.

Not only can logic show which premises are necessary to support the final conclusion, it can also

show what isnotnecessa ® Ly | WAGNAY3ISYdiQ I NHdzYSyidl GA@S GSE
premise, an interim conclusion the final conclusiort! or something closely connected to one of

them, such as an example. Anything which is not a premise, interim conclusiorabcdimclusion is

¥ The presence of gunshot residues has a certain evidealce, but does not by itself guarantéiee truth of

the conclusion. The argument therefore does have a certain force but is not deductively valid.

1 As opposed to a single argument, an argumentative text frequently has more than one conclusion. Where
that is the case, the argumentative texdrtsists of more than one line of argumentation.

11
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therefore at first glance irrelevant and may be omittéd.first glance since a readable textalso an
argumentative one¢ also contains elements which enhance its readability. But including such
elements in a text requires that thereengood reasons for doing so. Where no such reasons exist,
we are dealing with superfluous passages which may better be deleted.

5. WHAT FOLLOWS

In the following chaptes, two issues will be discussetihe secondhapteris going to expound on
valid and mvalid argumentative forms insol f f SR WLINR LR AAGA2Yy I f23A0Q0d
arguments like this:

The weather lady forecasts rain and there was no error in the weather computer.
If the weather lady forecasts rain and there was no emathie weather computer, it is going to
rain.

It is going to rain.

The third chapter deals with arguments relating to entiéef 8 a4Sa 2NJ OF 1S32NR Sa
YdZNRSNBENE Q> 2NJ YSYOSNE 2F &adzOK OF (S Ithedlosedts & dzOK
deals with arguments like the following:

Guy has committed murder.
A person who has committed murderust be given a prisosentence.

Guy must be given a prison sentence.

Wewill discuss such arguments on the basis e€alled Venn diagrams (overlapping circles). The
logicwhich- LJLJt AS&a G2 GKSY A& F @QFENARFYyOd 2F 6KIFIG Aa NBT
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. PROPOSITIONAL LOGIC

Propositional logic is logic based on the meaning eddof £t SR f 2 3A O f 2 LISNI (2 N&E>
W2NR FYyR WAT X GKSYyQod ¢nKifopdSitiogsniS ddinpodhdEopositdnso Ay S S
C2NJ AyaiulyOoSz (KS WAFT X GKSYyQ 2LISNIFi2N) O2Yo0AySa
380 MG WL FherhdiK SNINRy25F>a 3Si0 6SG Qo

DA@GSY (GKS YSIyAy3da 2F WA IsdeduciveySvglie> (GKS T2t 26Ay3

IF it rains, THEN the roofs get wet.
It rains.

The roofsare gettingwet.

Propositional logic is a formal logic and in discussing itwilleencounter a number of symbols and
formulae. But first, we are going to look sdmeinformal examples to get an expression of what
propositional logic isll about.

1. ELEMENTARY ANIDMPOUNIPROPOSITIONS

Ly I OSNIFAY aSyaSs (KS LINRLIAaAIIA AN cowdisis of tvd NI A y 7
LINR L2 AAGAZ2YAY WLG A& NIAYAY3IQ YR W¢KS NR2Fa I NI
these two propositions cannot be split any further; they alementary propositionsElementary
propositions can be used to @& compoundoropositions Examples afompoundpropositions are:

1. ltisraining AND the roofs are getting wet.
2. ltisraining OR the roofs are getting wet.
3. IFitisraining THEN the roofs are getting wet.

and¢ perhaps surprisingly
4. The roofs & NOT getting wet.

The first three examples illustrate how two elementary propositions can be combined to one
compoundLINR LIZ aAGA2Y ® ¢KS ¢g2NRA ! lo§ical operators Aff Rredo€ X ¢ | ¢
them are operators which fuse two propositiottgyether to form one proposition.

NOT is also a logical operator, but it does not combine two propositions but transforms one
LINP LR AAGAZ2Y Ayid2 FyYy20KSNE (GKS yS3ldAazy 2F GKS 7
3SGaGAYy3 6 S i D asotpoiindpfopdsSifiod, KB acdmipaundproposition based on only

one elementary proposition. In propositional logic, NOT is the only logical operator which works with

only one proposition.

In the four exampleswe have seencompound propositions based orone or two elementary
propositions. But alsccompound propositions can be part of anotheg more complicatedq
compoundproposition, for example:

5. Itis NOT raining, OR the roofs are getting wet.
6. The roofs are covered in plastic OR the roofs gdtl#wét rains.

13
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Example 5 illustrates how a N@foposition can be combined with an elementary proposition. In
SEIFYLXS c= Fy StSYSyidl NE LINER LfiRoadsiiph. thysrdek i letGhd Yo A y S F
sentence run more smoothly, the word THENoisitted. Moreover, the THEMart now stands

before the ILJF NIi® ¢ KA & aK2gaz 2yO0S F3AFLAYyIZ OGKFG GKS Wi
language of propositional logic is ratvays straightforward

2. LOGICAL OPERAT@R®N INFORMAL MEETING

We will examine the logical operators more closely at a later point, but it is useful first to get an
impression of what they are about on the basis of informal examples. The informal operators which
FNBE AYLRNIFYyG Ay GKA&a NBaLISOG FNB bh¢x 9b53% hw |

21  The operator NOT

The operator NOT transforms a proposition into another proposition which is the negation of the
2NAIAYLFE 2ySed WLEG Aa bh¢ NIAYAYIQ Aa (GKS yS3aF Az

CKAE GNIYaF2NXYIGA2Y Sydl At arad Ki NdzSSF  GIKS  LUBNRLUIZ2E3AA
NJ A yShalfedafad vice versa.

WELEFORMEDNESS

Since the NO®perator can be used with every proposition and since a proposition with a negation
contained in it is also a proposition, double negations are possle.i Aa bh¢ GKS OF as
bh¢ NIAYF2NX¥SRQUBNRIRAAGAZ2Y D ¢KI G A& F LINBLIRAAI
propositional logic for the structure of propositions. This does not mean that the proposition is true,

since truth is notthe same as wellormedness. Acompound proposition is weHormed if the

application of the logical operator has led to a new proposition. An example of a proposition which is
notweltkF 2 NYSR AdaY WL{G A& bhe¢ GKS OFasS GKFGO !'b5 Al A

DOUBLE NEG/AN

¢KS LINPLRAaAaAGAZ2Y WLO A& bhe¢ GKS OFasS GKFG AG Aa ¢
falsep ¢KS f I GOSNE Ay Gdz2Ny= A& GKS OFasS AF GKS LINRL
is NOT the case thatitisMIO NI Ay Ay 3Q Aa GNHzS AT WLG Aa NIAyAy3
out. This can be expressed schematically:

7

WLU Aa NIXAYAYy3IQ true false
WLG Aada bh¢ NIAYAYy3IAQ|false true
Wi SG A& bL9¢ 12 RIFG]|true false

{AYyOS WLOIZ2S8 0KEOGGKS R2Sa bh¢ NI AyaRBeANFa WLNHzS aA W1 Y
isfalsg the former proposition can be deduced from the latter and vice versa. It is always possible to
add or remove double negations without changing thehrualue.

The propositions to which the N@perator is applied may also bmmpound For instance, the
LINPLRZ2AAGAZ2Y WLO A& bh¢ GKS Ol &S { Kahdionifael y A &
compoundLINR L2 AA A2y WWSIHYy mKfialser GKASFT ' b5 I YdzNRSNBN.

14



ELEMENTARY LOGIC FOR LAWMRRIHAGED16)

IFF

In logic it often happens that a proposition is true (or false) if and only if some other proposition is
GNHzS 02N FlILftaSod ¢KS SELINBaairzy WAT [yR 2yfté AT
to replace this expression iy KS aAy 3t S Gg2NR WATFQP 2SS YHaAK(GI (KS
LINP L2 AAGAZ2Y WLG A& bh¢ GKS OF as ifKthdiconpau&d y A &
LINR LR AAGAZ2Y WWSIyYy Afalsel GKAST !'b5 | YdzZNRSNBEND Aa

2.2  The operator AND

The operatorAND fuses two propositions together to forntampoundproposition. Thicompound

proposition is true i both of its component parts aretrue C2NJ Ay Al yOSs GKS LINE
GKAST !'b5 a2 AHOGKSOINNRBLRAAGNIEFRO 2NWWEBI WFSANI XX |
true.

By the way, it is possible that the two component propositions are about completely different
subjects. That jsfor instancejthe caseAy (G KS LINRPLRAAGAZ2Y WWSIyYy Aa |
0221 1Ay3Qo

The propaitions to which the ANDperator is applied may themselves also t@empound For

SEFYLX S wowSly Aa | GKAST hw WS yormedcompgwi® OSy i 0
proposition. Itistrue fi KS LINP L2 aAGA2ya WWFRYFRIIPIE SAMABSF hwi K
are both true

Since an ANHproposition is true if both of its component parts aend not otherwise, both of these
component parts can be deduced from the Apposition in which they are contained. The
following deductions arehereforelogically valid:

It is raining AND (Petra is NOT a thief)

It is raining.

It is raining AND (Petra is NOT a thief)

Petra is NOT a i#f.

Conversely, an ANproposition can be deduced from the fact that bothitsfcomponent parts are
true:

It is raining.
Petra is NOT a thief.

It is raining AND (Petra is NOT a thief)

2.3  The operdor OR

The operator OR fuses two propositions together to formoampoundproposition. Thicompound
proposition is true fi at least one of the twocomponent propositions is trueFor instance, the
LINP L2 AAGAZY WWSEHY A& FQUKASHENHzE ASGNI A& 3I22R |0
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- 0KS LINRPLRA&AGAZY WWSIHY A& || GKASTQ A& GNHSE
- 2N GKS LINPLRAAGAZ2Y Wt SGNYX Aa 3F22R G O0221Ay3Q
- or both component propositions are true.

As demonstrated by this example, the two component propositions need not have anything to do
with ead other.

Ly Yyl adz2NF € fFy3dzad 3Ss GKS g2NR W2NID A& |tfaz2 dzaSR
OFasSz adzOK |ax F2NJ AyadlyoSs Ay GKS &aSyaSyoOoS wi
GKAA& YSIyAyYyIQ2 FA ViwsdsscdibiiesIRkclUbR each other, is not the meaning of the

logical operator OR. In section 3.5 wél see that is possible to construct the-salledexclusive or

by means of the operators NOT, OR and AND.

The proposition to which the O&perator isapplied may also beompound For instance, the

LINR L2 AAGAZY WOWSFY A& | GKAST hw WSI yforméd. IR yy 2 OSy
istrueff GKS LINPLRAAGAZY WWSIYy Aa | GKAST hisnotWSIy A
322R |G O0221Ay3Q A& GNHSITI 2NIAF 020K | NB (NHzSo

Since an OfRroposition is only true if at least one of the component propositions is true, the
following arguments, which are very similar, are both valid:

Jean is a thief OR Petra is good at coaking
Jean is NOT a thief.

Petra is good at cooking.

Jean is a thief OR Petra is good at cooking.
Petra is NOT good at cooking.

Jean is a thief.

Converselyan ORproposition can be deduced from any random proposition:

It is raining.

It is raining OR the roofs remain dry.

It is raining.

It is raining OR Pierre is the owner of a chair.

CNRY | t23A0Ft LRAYUG 2F OAS6: y20KAYy3I Aa gNRy3I ¢
Ad NI AYAYeRpodndlINEPNIRSSA (iRRSS WLG Aa NIAYAy3ldow t A SN
be true. Of course, in daily life this would be an odd argument. This example has been ohosen
purposedl 2 Af f dzAGNI GS GKFG y20 SOSNE | NBdzYSyid ¢KAOK
in normal usage.
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24 ¢KS 2LISNIG2NILC X ¢19b

Theop&d 2NJ LC X ¢1 9b TFdzaSa ¢ 2 compNdhdppopositioph Ihisa G238
compoundproposition is true ffeither i KS LINE LJ2 & A (fdls® yr tHe Propdsitibn WiteC Q A &
THEN is true, or both.

This is a strange definition whichill be exgained in section 3.6. But the readshould realise
alreadyat this point that tre meaning ofL C X ¢ | 9 b opegatorlis ndtidetitaOwith the
YSFEYAYy3 2F WAT X GKSYyQ Ay y2NXIt €Fy3dzZ 3S dzaSo
AYLX ASE | YIFIGSNRFE fAYy] 0SG6SSy (GKS LINRPLRAAGAZY

z A % 4 A x

ySSRa G2 SEA&G 0S8S0G6SSy LINPL#eaoiAz2ya O02yySOGSR o8
MODUS PONENDO PONENS

Thereishoweverl f 82 Iy AYLRNIFIY X EXBYOQF WWIF20F06SEy yRAF
¢19b Fta I £23A0Ff 2LISNIG2NE ylIYSteée OGKIFG FNBdzYSy
both in natural language and in propositional logic. These are arguments in which the proposition

after THEN is deducetbim the compoundproposition and the proposition after IF. The following

valid argument is an example of this:

IF Marcel has murdered Tina, THEN Marcel is punishable.
Marcel has murdered Tina.

Marcel is punishable.

But for the same reason, the following argument is also valid:

IFMarcel has murdered Tina, THEN Petra is good at cooking.
Marcel has murderedifa.

Petra is good at cooking.

The Latin nam&odus Ponensvhich refers to the argumentative formmodus ponendo ponens so
O2YY2yteée daASR (KIG Aa dzyl @2ARIF0fS (2 OoONARSTFfte SEL
RSLI2AAGQZ 2Wh 20021 &Jd& Dédy © v modosRazn8opdananthe donclusos F 2 NI
Lz F2NBI NR ORNISGYT | 3adzYSR | fonenfilrSO KES 6 Q2 PRt Hza A &
drawnbyl 8 & dzYAy 3 (GKS GNHziK 2F | LINBpoderd®BerefdchirOK A & SE
the modus ponendo ponerasconclusion is assumed to be true by assuming a premise to be true. The

y I YrBodug ponendo ponefis A & | 0 0 MJEUS Pdnéid®R (2 W

¢CKS LINPLRAAGAZ2Yy A iopgeratdrksiagphed may Slso mpoind. For hétance,

iKS LINPLR2&AGA2Y WLC o6WSIYy A& bhe¢ | GKASTFO ¢19b
ONXR Y S 0 Qforhed prbposdiéhf It is truefifeitherd KS LINRP L2 AAGA2Y WSy Aa
(thereforex A ¥  WWSi tiyie), braf thecompdUAdBIRB L2 AaA GA2Y WW2KY A& Lldzy
O2YYAGGSR Fy2(iKBahl ONAYSQ Aa (NHzSI 2NJ
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WERANGEDEDUCTIONS

l'a SELX I AYSR S I-pxdpositoNIS true yf thd pBopoXitiort dftér bF false or both.
Therefore, the dllowing to deduction®fl y L C -pxopositiod dre both valid:

Marcel has NOT murdered Tina.

IF Marcel has murdered Tina, THEN Marcel is punishable.

Marcel is punishable.

IF Marcel has murdered Tina, THEN Marcel is punishable.

The validity of these two arguments has to do with the fact no material link needs to exist between
the proposition after IF anthe proposition after THEN. Even the following argument is therefore
valid:

Marcel has NOT murdered Tina.

IF Marcel has murdered Tina, THEN Pierre is the owner of a chair.

SUFFICIENT CONDITION

¢ KS L C -operatoric@nblearly lead to strange deductions, but it is a very useful tool to
demonstrate that something is a sufficient condition for something elssufficient conditions a

condition which, if itis fulfilledd dzl NI y 1 SSa (KIG GKAa Wa2YSOUKAyYy3 St 3
isthe proposition

IF Marcel has murdered Tina, THEN Marcel is punishable.
After all, if Marcel has murdered Tina, this guarantees that he is punisialnlesection 3.8 wavill
encounter examples of logical constructions which are akin to the sufficient condition, namely
necessary conditions and conditions which are necessary and sufficient at the same time.
MODUS TOLLENDO TOISEN
' Yy20KSNJ RSRdAzO0G A2y @opeta®R a2 yi KEKS NBO@zYS Yy & FnfoBugS T2 NYY
(tollendo) tollen® ® Ly F NHdzYSyda 2F GKAA F2N¥3> (GKS LI NI 7T
the conclusion is drawn that the part after IF is dsee

IF Marcel has murdered Tina, THEN Marcel isghable.
Marcel is NOT punishable.

Marcel has NOT murdered Tina.

12 Lawyers may object here that it may be the case that Mas@ad not of sound mind or a minor and thus is
y20 LlddzyAaKlIofSed ¢KIG Aa O2NNBOGX odzi GKSy NiMagelO2 Y L2 dzy
Ad LldzyAaKlFofSQ Aa Ffaz y2G odzyO2yRAGAZ2YIEf&0 GNHS D
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Thename2 ¥ G KA & | NBdzYSydl G§A @GS T2 néreiza oRKSIANIKD SYRS | FNER YW (i
I & | & Q aking &vayastaridls for to the denial of a proposition. By denyaligiido) the part after

THENTthe part after IF is also denied, which then constitutes the conclusion. Often, the shorter name

Modus Tollenss used fomodus tollendo tollens

An argumetative form akin to Modus Tollens is the-6bl f f SR WiNI yalLlR2aAlA2y Qo
aSdzSy0S 2F (KS {62 O2YLRY SyjositibiNiZevrsedaddbaty & 2 F |
component propositions areegated andin thisway: Yy S ¢ L -PropXsitignis 8ebluced:

IF Marcel has murdered Tina, THEN Marcel is punishable.

IF Marcel is NOT pighable, THEN Marcel ha®Nmurdered Tina.

3. FORMALISED PROPOSNAL LOE

Even though informal examples provide a good impression of how propositional logic works, a
ydzYo SN 2F GKAy3da OFly 06S o0SUGGSNI dzyRSNR(G22R gKSy f
we will do in the following. First, we will devote sometattion to the advantages of presenting

arguments in a formal language, such as that of propositional logic. Then, we will introduce that
language itself in order to subsequently present the various logical operators with the help of so

Ol f £t SR W NMHéf&usipn adntinder of argumentative forrimt are widely used.

3.1 The advantage of a formal language

Real arguments, certainly those of lawyers, are formulated in ordinary language. This language may

well contain a number of technical ternbsit this does not take away that an argument is expressed

in normal words and sentences. The language of propositional logic Ed sbf SR WF2 NX I f
which consists of abbreviations, symbols and formulae. To most people, this appears complicated. It

is therefore legitimate to ask why we need a formal language.

The answer is simpléhe formal language of propositional logic is clearly defined, which makes it
easy to assess the validity of arguments rendered in this language. It is possible tatéransl
arguments rendered in ordinary language into the formal language of propositional logic and to
assess the validity of the result. The finding that the argument in formal language is valid/invalid
equally applies to the same argument in ordinary languago make this clearer, consider the
following argument:

If Claude is the owner of this house, he can prohibit Lisette to enter it.
Claude is the owner of this house.

Claude can prohibLisette to enter the house.

This argument can be translated into the formal language of propositionaldo#l& 2 NY' I f AaSRQUO @
looks like this:
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This argument takes the form Modus Ponens which we haweadyr encountered earlier. Since this
argumentative form is valid, the original argument in ordinary langusg¢so valid

The following argument is another example:

If the Scottish Nationalist Partyins the electionsScotlandwill become independendr it will be
impossible to form &cottishgovernment.

TheScottish Nationalist Partg going to win the elections, but it will certainly be possible to form a
Scottishgovernment.

Scotlandwill not become independent.

Assessing the validity of this argument is somewhat more difficult, which illustrates why
formalisation can be useful. The downside is, however, that &so more difficult to formalise this
argument. If we try, we should get the following result:

WE (IU~Q

At first glance, this does not seem to be a great improvement with regard to the complexity of the
argument. But now thiathe argument is formalisgdve can easily apply a method which allows us to
check its validity. This method involves-aailed truth tables and can be programmed into a
computer if desired. Applying this method will show that the formalised argumentealsinvalid

(we will see this in section 4.5.). This means that the original argument is equally ipvalidied

that the formal argument is an accurate representation of the original argument

THE FUNCTION OF FORNSATION

Ths I R R A (proddgd> tha the formal argument is an accurate representation of the original
argumenQ> A& 0@ y2 YSIya &adzaJSNFfdz2daAazr airAyoS Al
ordinary language into the formal language of propositional logie.difficulty may seem tspeak
against the endeavour of formalising arguments, but there is a positive side to it as well: where
formalising an argument is difficult, this 8 because the argument is difficult to understand.
Consequently, trying to formalise the argument willedst bring to light what the problem is. Once
the argument is understood, formalising it and testing the validity of the formal argument is easy. In
other words, formalising an argument forces us to do what we would anyway have to do, hamely to
study and understand the argument well enough in order to assess its validity. Once the
formalisation is completed, the most important part of the work is domhis is the econd, and
perhaps the most importanadvantage of a formal language: it makes it necgssaunderstand an
argument well enough to assess its validity.
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3.2 The language of propositional logic

The language of propositional logittows the formulatiorof a number of welformed propositions.
The propositions can be either elementaryocmmpound.

E_LEMENTARY PROPOSIEIO

Elementary propositions are marked by capital letters. For greater clarityyilvase a specific font

(Courier New ) for them. Thus, examples of elementary propositonssareB C € Fac® R

of these letters stands for oneg@position which may also be expressed in ordinary language, such as
YW2KY Aa F GKASTQX W[ Aal A& (GKS 26ySNI 2F (GKS K2
LISNYAGQ@®

hFadSy Ad Aa AYLRNIFYyd (2 1y 2 dterst&is@ok budrdbiNavayy. | NBE Q |
In order to assess the validity of an argument, for instance, that is not important. After all, validity

only depends on the form of the argumerfor which propositionpreciselya letter stands does not

affect the formandtherefore also not the validity of the argument

An important requirement in propositional logic is that the truth of eatémentaryproposition is,

from a logical point of view, independent of the truth afi other elementary propositions. For
exampl€ KSUOKSNI (KS LINE LI & ks ibgically indepeadeny of theitruth of th&K A S T Q
LINR L2 AAGAZ2Y W[ AAl 2¢6ya (KS K2dzaSQo

From a logical perspectiveKtS { NHzi K @I fdzS 2F WYWW2Ky Aa F GKASHT
Lidzy A a KI 6 f S Q & straidghtiodward, Bub tiedconfhieStidn between John being a thief and his

being punishable is based on a legal rule which, from a logical point of view, need not necessarily

exist. In terms ofogic it is therefore possible that John is a thief but is pohishable, or that he is

not a thief but is still punishabl€. This logical independence of the truth values of elementary
propositions will be essential in dean 3.3, where truth tables Wibe discussed.

COMPOUNDPROPOSITIONS

Compoundpropositions ae propositions which feature a logical operator. The logical operators of
propositional logic are:

operator name stands for
~ negation NOT
& conjunction AND
U disjunction OR
E material implication LC X ¢19b
1 equivalence IF and ONLY IF

Except oe, all of these operators combine two propositidnto a compoundproposition. The only
exception is the operator, which transforms one proposition into another, namely the negation of
the original one.

It should be noted that logical operators workithv all propositions, not only with elementary
propositions. Hence, it is possible to combine two very comptampoundpropositionsinto one

13 By the wayboth of these constellations are also legally possible.
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that is even more complex. For instance, the propositi® U Q) E (R&-S) is theresult of the
application of theE - operator to the propositions-(P U Q) and R&~S.

This example illustrates, by the way, that parentheses may be used within propositions to indicate

which parts of a proposition belong togethefhere is a difference between the proposition

~(P U Q)and the propositon~P U @ LF t &GFyRa FT2NJ W! yRNB L}2&aas
WI yRNB LJ2 a &S &8S8 Qlmeans thaSitisshot th&chsé thAndré has a car or a bike

(that is:he has neither), while-P U Qcan in fact mean three thgs: (1)André has no car2) he

does have a bikeor (3)André both has a bike and no car.

Exercise

For each of the following formulae, determine whether it is a ¥@ined proposition.

a. P

b. ~P

c. —P

d q

e. O~

f. PEQ
g (PEQ
h. EP&Q

(A UB) t ~(~A&B)

3.3  The ~ operator

In this section and the following one, the different operators which form part of the formgliage

of propositional logic vili be discussed. First, however, we must consider an important characteristic
of propositional logic which is also of portance to the different operators. Logic is about tieem

of arguments and propositional logic, in particular, deals with fuessible truth value®f the
propositions which feature as premises and conclusions in arguments. For neither of the two the
content of the propositions is particularly important. For the argumentative form it does not matter
at all. For the truth value of a proposition it is of course important what it is that a proposition says,
but in propositional logic it is irrelevamthy a proposition is or is not true. The only relevant question
iswhetherit is true. In other words, a proposition merely stands for a truth value; how or why it got
this truth value is immaterial as far &gicis concerned. In factpgic does not even dealith the
actual truth values of propositions but only with thgiossibletruth values. After all, the validity of

an argument does not depend on whether the propositions wiéeturein it are true orfalse

All of this is still very abstrgcbut we will soon see what itneans for logical practice once we
consider the different logical operators.
TRUTH TABLES

Informally, the ~operator stands forthe denial of a proposition, also referred to asegation
Formally, it is an operator which affectae proposition and which transforms this proposition into a
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new proposition whose truth value is the opposite of that of the original proposifltnerefore a
true proposition becomefalseand afalseproposition becomes true.

The meaning of the ~- operator can be shown in a scalled truth table. A truth table for a
compoundpropositionP is a table which displays the truth valuePffor each possible combination
of truth values of the elementary propositions which are parPof*

A proposition of theform ~P has only one elementargroposition, which i$. This proposition can
only have two possible truth values, namely true datse The truth table for the propositionP-
therefore contains only two rows with truth values. It looks like this:

1 P P
2 true false
3 false true

In this truth table, the first column contains the numbers of the rows.

The truth table must be read as follows: if the proposit®ris true, the proposition P is false(row
2) and if the propositio® isfalse the propogtion ~P must be true (row 3).

By means of a truth table it is easy to show how adding a double negation to a proposition results in
a truth value equal to that of the original proposition:

1 P P ~P
2 true false true
3 false true false

The truthvalues in the fourth columh NE WOl f Odzf i SRQ o6& | LILJX eAy3 (K.
truth values in the third column. The truth values in the second and fourth column are identical,

which shows that the truth value of a double negation is alwaystidal to that of the original (non

negated) propositionAlways since it is irrelevant what the content of propositiéhis; the rule

applies to all propositions.

3.4  The&- operator

In informal language, the symb& & i Y RA F2NJ (KS at@ NRisudly calR@ s ¢ KS
wo2yeadzyOllA2y Qd C2NXNI f f & >wo prdposkidrs, diegientarys bampo2dNJ ¢ K A O K
into a newcompoundproposition. Thatompoundproposition is trueff both combined propositions

i KS (g2 wdeanfe2dzy Ol aQ

TRUTH TABLE

Themeaningof the &operator can again be illustrated by means of a truth table.

A compoundproposition of the formP &Q has two elementary proposition®, and Q. Each of these

two propositions can have two possilileith values, true andalse. Moreover, these truth values are
independent of each other. This means that there are four possible combinations; hence, the truth
tables must contain 4+1=5 rows. It should look like this:

! Greek capitals, such &s B, G, O, P, andQ are used to signify propositions whosentent is irrelevant.
Different capitils stand for different propositions.
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1 P Q P&Q
2 true true true

3 true false false
4 false true false
5 false false false

The table must be read as follows: Rf is true andQ is also true, then so is theompound
propositionP &Q (row 2). IfP isfalse the propositionP &Q is alsofalse(rows 4 and 5). In addition,
P &Q isfalseif Q isfalse(rows3 and 5).

It is, again, important to realise that theuth value ofP &Q depends exclusively on the truth value of
the two elementary propositions of which it is a combinatién,and Q. WhatP and Q stand for,
what they mean in ordinary language, is coetply irrelevant.

There also does not need to be any material connection betweand Q. An extreme example

may help to understand this:@& G YR F2NJ GKS LINRPLRAAGAZ2Y Y. NdzaaSt
aildl yRa T2NJ WCNIB y coihpotinddiofasitioh IND, reBderediri f& sl languisde, is

true if, and only if, Brussels is the capital of Portugal and French fries are indeed edible.

THE RELATIONSHIP WORDINARY LANGUAGE

The meaning of the &perator is fully expressed in the truthlie. A formal sentence of the form

P&Q means nothing more and nothing less than tiatandQF N3 062 G K (G NMzS® ¢KS ¢
2NRAYI NB fly3ddz 3S a2YSiAySa YSIya Y2NB GKIFy GKIF
the alarm clock and went toSIS Udrinary language and in an everyday context, this means that

John first set the alarm clock and then went to sleep, and moreover that little time elapsed between

the two events. In translating this sentence into tltempound proposition P&Q, this extra

information is lost. But since such implicit extra information is often irrelevianthe validity of an

argument, this loss is acceptable. Sometimes, however, the implicit extra informiati@fevant,

which may lead to the problem that an argent, translated into formal language, magemvalid or

invalid while it actually is not. It is therefore good to be aware of this possibility and to watch out for

it when formalising arguments rendered in ordinary language. An example of an argumentisvhich

valid but whose validity is no longer visible in the formalised version is the following:

John set the alarm clock and went to sleep.
'S asSd GKS FfFNy Oft201 4 (G6St@S 2Q0t201 0

Johnonlywenttd SR F FGSNJ 6sSt @S 2Q0t 201 @

3.5 TheU-operator
Informally, the -2 LISNJ G 2NJ &idFyR& TF2N (KS 62NR W2NDRT Ad

language, it is an operator which combines two propositions, elementamgoorpound into one
compoundpropostion. Thecompoundproposition is trueff at least one of the of the component
LINP LR AAGAZ2YAaY (KS WRA&a2dzyOllaQx Aa (NSO
TRUTH TABLE

Themeaningof the U-operator can again best be illustrated by means of a truth table.
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A proposition of the formP U Q has two elementary propositions? and Q. Each of these two
propositions can have two truth values, true afadse These truth values are independent of each
other, so that there are four possible combinatiof$etruth table looks as follows:

P Q PUQ
true true | true
true false | true
false | true | true
false | false | false

QW INF

The table above must be read as follows: if at least one of the proposiBoasd Q is true, the
propositionP U Q is also true (rows-2) and only ifP and Q are bothfalse(row 5), the compound
propositionP UQ is alscofalse

It is again important to realise that the truth value of tbempoundpropositionP UQ is determined

exclusively by the individual truth values of the component propositlrend Q. It is completely

irrelevant whatP and Q stand for; only their truth value is important. An extreme example, similar

(but not identical, due to the different operator) to the one we used for thegerator, illustrates
this:ifPadF yRa FT2NJ W. NHza aBKf AR RE GRNKA PICNBEY DKt FNA &
still P UQ s onlyfalseif Brussels is not the capital of Portugal and French fries are also not edible.

EXCLUSIVE DISJUNCTION

The meaning of thé)operator is fully expressed in the truth table. drhal sentence of the form

PUQ means nothing more and nothing less than at least one of the proposifoasd Q is true.

CtKA& A& OFftfSR (GKS WAyOfdzAaA@dS 2NN

Ly 2NRAYFNE fly3adad 3Ss (KS ¢62NR W2NIR Aa un@sySGAYS:
Ad GNHSS YR y2i 62GK® ¢KIFIG Aa GKS WSEOf dzaA @S 2N
In propositional logic thé-operator stands for thénclusive or and there is no specific operator to
aAIdyATe (KS WSEOfdAACS 2NDO | DREPENE I KBS GRNEDK 8§
Oty 06S aAyYdzZ FiSRe® ! aadzyS ddKFd W aidlyRa F2N 0KS L
KFra GKS oFffQd ! 3adzyYS FdzNIKSNJ GKIFG W2KyYy FyR t I dz
WW2 Ky KIFa G(GKS ol2yiRNyalldy WREBOU&BAGEI2ZRDO ¢Aa &
formalised agJ UP) & ~(J&P), which means that at least one of the two, John or Paul, has the ball

(JUP; inclusive oy and that not both of them have the ba#(J &P).

The following complex truth tabldustrates how truth tables can be used in order to check whether

an operator is defined well. @ompoundLINR L2 A A GA 2y 6KAOK SELINB&aasSa |y

if precisely one of the disjunctstizie. Otherwise, i.e. if either both of them are tree both of them

arefalse the compoundproposition isfalse For the truth table, this means that in the column which
SELINB&a&aSa8 (GKS SEOfdzaAag®S RA&ac2dzyOiAz2y 6S YdaAald TFTAYFR
the disjuncts is true, and the fadZ8lse® Ay GKS NRBga Ay 6KAOK (GKS RA&2
both false
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1 2 3 4 5 6 7

2 P Q |[PUQ | P&Q | ~P&Q (P UQE&~P&Q)
3 true true true true false false

4 true false true false true true

5 false true true false true true

6 false false false false true false

In order to make it easier to explain, the table above contains an extra row (the first one) with the

numbers of the columns.

Columns 2 and 3 show the four possible combinations of truth values of the propodttiansl Q.
Columns 4 and %lisplay the truth values of the disjunction and the conjunction of these two
propositions, respectively. Column 6 shows the opposite values of cofijmsimce theproposition
represented in it constitutes the negation of the propositicgpresented in column 5Column 7
indicates the truth value of the conjunction of the propositions in columns 4 anthéslast column

stands for the exclusive conjunction agdas could be expected LINE A RS & { KrSthe@ | f dzS
rows which contaii KS @ t dz§8 Wi NXzSQ Ay SEIFIOGte 2yS 2F GKS

A truth table, such as the one above, may initially not be easy to grasp. But learning how to work
with truth tables is worth some effort and time, since once you do understaedt you will have
understood much of propositional logic.

3.6  TheE-operator

Informally, theE-2 LISNJ G4 2 NJ &l y R -céngbiNation.KT6e ofekaior isKushaléalfeg Q
WY GSNRFE I foril ladylagel & ¥6ad operator which combines tpropositions,
elementary orcompound into one compoundproposition. Thizompoundproposition is trueff the
FANBRGO O2YLRySYy antetohd® dofaldk Dritee Becomdi dérBpongnt proposition (the
WonsequerQU A a&a GNHzZSZ 2N 020K®

TRUTH TABLE

The meaningof the E-operator can again be illustrated by means of a truth table.

A proposition of the formP E Q has two elementary proposition® and Q. Each of these two
propositions can have two truth values, true diadse The truth table looks likehis:

P Q PEQ
true | true true
true | false | false
false | true true
false | false | true

QR |WINF

The table must be read as follows:
- If P isfalsg the propositionP E Qs true (rows 4 and 5).
- If Qis true, the propositiorP E Q s also true (rows 2 and).
- This entails that the propositioR E Q is onlyfalseif P is true andQ is false(row 3)
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It follows from this definition that the propositioR E Q means the same as the propositioR +J
Q. This can also be shown by means of a truth table. See sg&cfter section 4.

Once more it is important to realise that the truth value of tbempoundpropositionP U Q is

determined exclusively by the individual truth values of the component proposifoasd Q. It is

completely irrelevant whaP and Q stand for; only their truth value is important. There does not

need to be a material connection betweéhand Q. To illustrate this, let us return to the extreme

example of Brussels and French frie@ & G Y RA F2NJ W. NUzA & St a Qstanddi KS OF |
F2NJ WCNBYy OK T NP EX is-oNBtrusSiRBrusdelS @ Fot thekcpftal of Portugal or
(inclusive!) if French fries are edible.

THE RELATIONSHIP WORDINARY LANGUAGE

The meaning of th&-operator is fully expressed in the truth tablA sentence of the forr® E Q

does not express anything more or less than that eifhiés false or Q is true (or both). Irparticular,

it doesnot express that the truth oP is relevant for the truth ofQ, or thatP constitutes a reason

for Q. The meaing of i KS YIF GSNAIf AYLIX AOLFIGA2Yy R2Sa y20 02N
constructions in ordinary language. But they do have something in common in that they make it
possible to deduethe truth of theconsequengrom the truth of theantecedensto make deductions

of the types Modus Ponens and Modus Tollens.

We will return to this in section 4.3. There wal also see that it is possible to deduthe truth of
a material implication from théalsity of the antecedensnd from the truth of theconsequensSee
also section 2.4.

3.7 Thel-operator

Informally, the!-2 LISNJ G2 NJ aidl yRa ¥iff)Nombidaton. Pre Beratdr ysRisudly f & A T
OFrfft SR WSI|jdA@lItSyO0SQd Ly F2NXIFE fFy3AdzraASs Ad A
elementary orcompound into one compoundproposition. Thecompoundproposition is true fthe

two component propositions are either both true or bolse Therefore their truth values must be

Sljdzl £t = KSyOS GKS yI YS WS dzA @Giorfs BoyhGt §aetthelsdme tiukhS (1 6 2
value, the equivalence false

TRUTH TABLE

Themeaningof the ! -operator can again be illustrated by means of a truth table.

A proposition of the formP * Q has two elementary proposition$? and Q. Each of these two
propositions can have two truth values, true afadse which are independent of each other. The
truth table looks as follows:

P _[Q |P:Q
true true | true
true false | false
false |true | false
false | false | true

G| WINF
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If P andQ are equivalent to each o#r, this means thaP materially implieQ and vice versa. That

this is the case can be seen in the following truth table:

1 2 3 4 5 6 7

2 P Q PEQ | QEP (P EQ&(QEP) P1Q
3 | true | true true true true true
4 | true | false false true false false
5 | false | true true false false false
6 | false | false true true true true

Column 4 indicates the truth value for the material implicat®&Q and column 5 indicates the
truth value for the material implicatio@EP . Column 6 indicates the truth values of the jrorction
of both implications, with the same result as column 7, whiatlicates the truth values of the
equivalence.

The truth table for the equivalence yields precisely the opposite outcome of that of the exclusive

disjunction:

P Q (P UQ&~P&Q) P'Q
true true false true
true false true false
false true true false
false false false true

This makes it possible fwovidean easier definition of the exclusive disjunction, namely to define it
as the negation of equivalenceP! Q)

3.8

Like the other operators discussed above, equivalence is purely defined in terms of the truth values
of the component propositions. It says nothing about any material link between those propositions.
But while webear this in mind, it is useful to devote some attention to the way in which material
implication and equivalence can be used to formalise necessary and sufficient conditions.

Necessary and sufficient conditions

SUFFICIENT CONDITIONS

The event or fact A is a sufficient condition for eventact B if whenever A happens or is the ¢cd&e
also happens or is the case.

For instance, the fact that C is a circle is a sufficient condition for the fact that C is round. This is an
example of @aimelesssufficient condition.
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An example in which theufficient condition precedes that for which it is a condition in time is the
breaking of the dam of a reservoir lake, which is a sufficient condition for the flooding of the land
downstream.

From a logical point of view it is not necessary that a nesgs®nditionprecedes that for which it is
a condition in time. A sufficient condition does not have to beaase For example, the fact that a
window is broken is a sufficient condition for the breakability of a windaafter all, if something is
broken it must have been breakable.

A sufficient condition can be formalised by means of a material implication in which the sufficient
conditions operates as thantecedensand that for which it is a condition operates as the
consequens
LT . aiGFRIMRE oFeB (Wai&SFyR h aidlyRaE FT2NEOIKS fFyR R2gY3
expresses that the breaking of the dam is a sufficient condition for the flooding.

If R stands for the fact that something is breakable and B stands for the fact that it is bitoden,
BE R expressethat the fact of being broken is a sufficient condition for being breakable.

If A is a sufficient condition for B, then the implicatibiBB is true. That this is the effect can also be
shown by means of the truth table for this fornaul

LY

1 A B AEB
2 true true true
3 true false false
4 false true true
5 false false true

If the formula is true, that is, if we are looking at one of the rows 2, 4 or 5, then B is always true if A is
also true. We see this in row 2, in which A istand B is true as well. (In row 3, A is also true, but
AEB isfalseand therefore we have to leave this row out of consideration.)

NECESSARY CONDITIONS

The event or fact A is a necessary condition for event or fagtEBBonly happens or is the case if A
also happens or is the case.

For instance, the fact that P has the right to dispose of a hougexseptions aside a necessary
condition for the transfer of ownership of the house by P to another person. The fact that the
criminal law defines the tyg of act H as punishable is a necessary condition for punishing someone
because he or she has committed an act of type H.

The former are both examples tifneless necessary conditionsn examples in which the
necessary condition precedes that for whitksia condition in time is that a train must have
stopped before it can be boarded (in a decent way).

Also necessary conditions can easily be formalised by means of a material implication, although the
AYLIE AOFGA2Y @gAft (GKSY .IER 5 ¢ lecebsdry dofdifion BB\EhehI@® RA NX
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following implication is trueB E A. That this is the case can be illustrated by means of a truth
table:

B A BE A
true | true true
true | false | false
false | true true
false | false | true

QR |WIN|[F

If the formula is true, that is, if we are looking at one of the rows 2, 4 or 5, then B is onlyiringev(
2) if Ais also true.

THE RELATIONSHIP BEEWNECESSARY ANEFEIENT CONDITIONS
If a fact F is aecessargondition for a fact G, then, conversely,S&asufficientcondition for F.

We can easily see this in our earlier example of breaking and breakability. The fact that O is broken is
sufficient condition for the breakability of O. Conversely, this meansttiebreakability of Q; the
possibilityof O to break is a necessary condition for the breaking of O.

Since the right to dispose of a house is a necessary condition for the transfer of ownership of that
house, that transfer of ownership is a sufficient condition for the right to dispose. (Bdutaif
something is a necessary or sufficient condition for something else, this doegenateimply a
causal link, a legal consequence, or a certain sequence in time.)

CONDITIONS WHICH ARECESSARY AND SUWERICFOR EACH OTHER

Sometimes, two factgo together in the sense that, if one is the case, so is the other, and vice versa.
Where this is so, each of the two facts is both a necessanaandficient conditiorfor the other. (If
this is not immediately clear to you, try to find your own example.

An example is the relationship between the fact that Barack Obama is the President of the United
States and the fact that Barack Obama is the commain@ehief of the US armed forces. From the
one fact, the other can be deduced, and vice versa.

The popositions which express these facts are therefore equivaleKtstands for the fact that
Barack Obama is President of the United States@si&nds for the fact that Barack Obama is the
commandetin-chief of the US armed forces, then the equivalentehese twopropositionscan be
expressed by means of the formWaO.

4. LOGICAL VALIDITY

How can propositional logic help us determine whether an argument is valid? The first step in
determining this igo realise under which circumstances an argumentogically valid. This is the
case where it ifogically impossibl¢éhat all premises of the argument are true while its conclusion is
false
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dzi 6 KEFEG R2Sa WfE23A0Fffe AYLRAAAOESQ YSIYK ¢KAA
logic: sometlng is logically impossible if it is not the case, regardless of what the concrete facts are.
There is no combination of one or more facts that makes a proposition true which expresses
something that is logically impossible. This means thabmpound proposition which expresses
something impossible i&lsein all rows of the truth table. Such a proposition is a contradiction (see
section 4.2).

With regard to the validity of an argument, this means that there is no row in a truth table which lists
all pramises of a valid argument as true but the conclusiofass

Before we go on to show that this characterisation of logical validity is correct, it is useful first to
consider tautologies and contradictions.

4.1  Tautologies

A tautology is a statement weh istrue, regardless of the concrete facts. This may seem odd at first
glance, but some examples will show that tautologies can indeed exist.

One such example is the proposition that bachelors are unmarried. This is by definition the case, and
therecand S y2 FIl Olda 2NJ OANDdzvraidlyoOoSa ¢KAOK fS8y RSNJ (K
ly23KSNI SEFYLIXS 2F | Gldzizt238 A& (GKS LINBLRAAGA:?
in which case the proposition is true. Or it is nainmag, in which case it is also truherefore the

proposition is true regardless of what the facts are.

What does the truth table of a tautology look like? It is difficult to draw up a truth table for the
proposition that bachelors are unmarried in tlguage of propositional logic, therefore we use the

LINE LR AAGAZY WLO Aa NIAYAY3d 2NRAGI FRAYZENNWRAYAYVAC
truth table then looks as follows:

1 R ~R R U ~R
2 true false true
3 | false | true true

Rows 2 and 3 represent all possible combinations of facts which are relevant to the truth value of the
compound proposition RU~R. (There are only two possibilities, since there is only a single
elementary proposition.) In both cases, thempoundpropositon is true. Hence, the proposition is
true regardless of the facts.

Of course there are generally more than two possible combinations of facts. For instance, it may be
raining during a storm or in still air. But since the truth value of ¢benpoundproposition RU~R
depends solely on the truth value Bf(and on logic) and not, for example, on any information about
wind speed, only two sorts of combinations are relevant, namely combinations in Whsctiue and
combinations in whiclRisfalse Both ofthese combinations are represented in the truth table.

4.2 Contradictions

While tautologies are propositions which are true regardless of what the facts may be, contradictions
are propositions which arialseregardless of what the facts are. Easy examplee the propositions
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WeKA& Aa | aljdza NBE OANDESQ IyR WLG Aa NIAyAy3
the latter proposition:

1 R ~R R&~R
2 true false false
3 | false | true false

We now see that theompoundpropositionR&~Risfalsein all relevant combinations of facts.

4.3  Valid arguments

Let us now look at some examples of valid arguments and the corresponding truth tables.

DOUBLE NEGATION

We start out simple:

It is raining.

It is not the case that it is not raining.

The corresponding truth table is constructed by adding one column each for all elementary
propositions which featre in the argument and for all premises and for the conclusion. The validity
of an argumentcan be seen in a truth table, namely if thenclusion is true in all rows in which all
premises are true

For the simple example above, drawing up the truth table is easy:

1 R ~R ~~R
true false true
3 | false | true false

N

All premises (i.e. the onlygne there is) are only true in row 2 and in this row the conclusion is also
true. The argument ithereforevalid.

MODUSPONENS

If Jean is a thief (D), then Jean is punishaBle (
Jean is a thief.

Jean is punishable.

This argument takes the logical form Modus Ponens, which we have seen earlier. The corresponding
truth table looks as follows:
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1 2 3 5

2 D S DES
3 true true true
4 true false false
5 false true true
6 false false true

The premises, D andDS, are only both true in row 3. In that row, the conclusion S is also true; the
argument igherefore valid.

MODUSIOLLENS

If Jean is a thief (D), then Jean is punishable (S)
Jean is not punishable.

Jean is not a thief.

The corresponding truth table looks like this:

1 2 3 4 5 6

2 D ~D S ~S DES
3 true false true false true
4 true false false true false
5 false true true false true
6 false true false true true

The premises, ~S andiDS are only both true in row & that row, the conclusion ~D is also true.
Hence, the argument is valid.

ACOMPLICATED EXAMPLE

Finally, let us consider an example of a complicated argument which really shows that propositional
logic is useful. The argument looks as follows:

If Brussels is not located in Belgium (~B) then one of the following two is the case: Brussels i$ not
the capital of Belgium (~H), or Liége is the capital of Wallonia (L).
Brussels is not located in Belgium.
Brussels is the capital of Belgium.

Liege is the capital of Wallonia.

When we formalise this argument, it looks like this:

~-BE (~H U L)
~B
H
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Let us now see what the corresponding truth table would look like. There are three elementary
propositions, B, H and L, three premises anaf course¢ one conclusion. All of these are

represeried in the truth table:

1 2 3 4 5 6 7 8
2 B ~B H ~H L ~HUL ~BE (~HUL)
3| true false true false true true true
4| true false true false false false true
5| true false false true true true true
6| true false false true false true true
7| false true true false true true true
8| false true true false false false false
9| false true false true true true true
10| false true false true false true true

Only in row 7 all premises are true. In the first 4 rows, 8ls& In the remaining rows 5, 6 and18,
is only true in rows 7 and 8. And in these rows E~BHUL) is only true in row 7. Apparently, the
three premises are only simultaneously true if Balse H is true and L is also true.

The conclusion of the argument is L and L is true if aletpremises are true (row 7). Therefore, the

argument is valid.

4.4  Logical laws

hy GKS ol aia
always state that two formulae are logically the same, that they are edpriv.

P&QUS)! (P&Q)U(P&S)
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The equivalence formula above looks complicated, but it becomes much easier to understand once
we fill in simple propositions for the variables.

Assume thaP a i | Y R&

F2 N WFRRAE WOIRR &l
The equivalencéherefore means that the proposition that Eddy has a car and that rseahfaorse or

a donkey next to thatis equivalent to the proposition tha&ddy has a car and a horse, or a car and a
donkey. That this equivaleBc A &
becomes evident in the following truth table:

ySOSa&F NRT &
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1 2 3 4 5 6 7 8
2| P Q S QUS | P&Q P&S | P&QUS)?
(P&Q)U(P&S)
3| true true true true true true true
4| true true false true true false true
5 true false true true false true true
6 true false false false false false true
7| false true true true false false true
8 false true false true false false true
9 false false true true false false true
10| false false false false false false true

The formulaP &(Q U S) isfalsein rows 710, in whichP isfalsg and moreover in row 6, in whic@ U
Sisfalse The formula ishereforetrue in rows 35.

The formulaP &Q) U (P&S) is true in the rows in which eith&&Q or P&S (or both) is tre. This is

the case in rows-3. The formula ithereforefalsein rows 610.

It appears that the two formulae are true in exactly the same rows and that the equivalence of the

two formulae igherefore a tautology. Hence, the formulae are logically theng.

P U(Q&S)! (P UQ&(P VS)

Assume again thaP 3 G Yy R&
R 2 vy | e €ydivalence above then means that that the proposition that Eddy has a car or that he
has a horse as well a-dankey is the same as the proposition that Eddy has a car or a horse, and a
car or a donkey ¢ K I {

0KA &

T2N YORRNI KI RRY

SljdzA @l £t SyO0S A a
logic becomes evident in the following truth table:

ySOSaal NAf &

1 2 3 4 5 6 7 8
2| P Q S Q&S | PUQ | PUS |PU(Q&9):
(P UQ)&(P US)
3| true true true true true true true
4| true true false false true true true
5 true false true false true true true
6 true false false false true true true
7| false true true true true true true
8| false true false false true false true
9 false false true false false true true
10| false false false false false false true
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~P UQ)? (-P&~Q)

AssumethaP a i | Y R&

meansthat the propositionW L (i
LINP LR AAGAZ2Y WORRER

F2N) WORREI yKR& 2 NOIWORRY RKI & |
diKdquivalentRthe KI & |

Aa

y 2 i
Kl &

y 2

GKS OFas
OF NJ I yR

The truth table from which the equivalence appears looks as follows:

1 2 3 4 5 6

2| P Q PUQ | ~PUQ | -P&0Q
3 true true true false false
4 true false true false false
5| false true true false false
6| false false false true true

~(P&Q)* (P U~Q)

AssumethaP & i | Yy Ra

means thatthe prop a A G A2y WL
KI a

W9 RR&

y 2

T2N) WORREL KR & T2 NIFWDRRY RKF & |
GKS Ol as
OFNJ 2NJ 0AYyOf daA @S W2 NDHO

A a

y2i

The truth table from which the equivalence appears looks as follows:

1 2 3 4 5 6

2 P Q P&Q | ~P&Q) ~P U~Q
3 true true true false false
4 true false false true true

5| false true false true true

6| false false false true true

4.5 Invalid arguments

K2 NA &

y2 K2NESQM

K2 NA ¢
GKIFIG 9RR& K
9RR& KI & vy

Let us now consider two examples of invalid arguments and the corresponding truth tables. The first
example is tk argument:

It is not raining.

Itis raining (R), or somebody is pouring water (G).
Somebody is uring water.

In formal language, this becomes:
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When we construct a truth tablfor this argument, it looks like this:

2 3 4 5

R ~R G |RUG
true | false | true | true
true | false | false | true
false | true | true | true
false | true | false | false

O WNPEF

The two premises are both true in rows 3 and 5. In row 5, the conclusion is alsoutue,row 3 it is

not. If it is raining and (at the same time) somebody pours water, both premises are true but the
conclusion is not. It itherefore logically possible that all premises of this argument are true while
the conclusion ifalse Thereforethe argument is invalid.

In section 3.1 we encountered a somewhat more complicated argument, namely:

If the Scottish Nationalist Partyins the electionsScotlandwill become independent or it will be
impossible to form &cottishgovernment.

TheScotish Nationalist Partys going to win the elections, but it will certainly be possible to form a
Scottishgovernment.

Scdland will not become independent.

We formalised this argument as follows:

WE (IU~G

Let us now see what the corresponding truth table would look like. There are three elementary
propositions, three premises arglof courseg one conclusion. The truth tabtberefore becomes:
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1 2 3 4 5 6 7 8

2 W | G ~| ~G IU~G WE (IU~G)
3 true | true | true | false | false true true

4 true | true | false | false | true true true

5 true | false | true | true | false false false

6 true | false | false | true | true true true

7 false | true | true | false | false true true

8 false | true | false | false | true true true

9 false | false | true | true | false false true

10 false | false | false | true | true true true

W is only true inrows 36. In those four rows, @ only true in rows 3 and %n the latter two rows,
W E (1U~G is only true in row 3. Bun this row, the conclusion 4 alsofalse The argument is
thereforeinvalid.

Exercises

1. Use truth tables to determine whether the followimgmpoundpropositions are tautologies,
contradictions, or neither:

a. A&B U ~B)
b. ~(~C)

c. P&Q&~-Q)
d PE ~P

e. P&P E Q) E Q
f. (A UB)&) U ((~C U ~B) U -A)

2. Use truth tables to determine whether the following arguments are valid:

a. PUQ
~Q
~p
b RUS
S
~R
c PUR
(~P&R) E Q
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d  (A&B) UC
~C&B

e. Either the Labour Party or the Conservative Party wins the elections.
If the Labour Party wins, taxes are raised.

If taxes are not raised, the Conservative Péngrefore wins.

f. If the Belgian national team does not win and the French national team does,
everyone passes the logic exam.
The Belgian national team wins, since some do not pass the logic exam.

3. Use atruth table to prove that the propositioRsE Q and P UQ are logicallyequivalent.
(A hint: this will be the case if their equivalence is a tautology).
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[ll.  CLASS LOGIC

1. INTRODUCTION

Consider the following argument:

Lawyers do not like mathematics.
Nerds do like mathematics.

Lawyers are not nerds.

If we formalise this argument in the language of propositional logic, this is the result:

It does notrequirea truth table to see that this argumentiisvalid. From a logical point of view, P, Q
and R are all elementarpropositions and their truth values are therefore independent of each
other. It istherefore logically possible that P and Q are both true while Rige In this light, the
argument is invalid. But if we look at the original argument in ordinary lageguit does seem valid.
How is that possible?

It has to do with the previously mentioned fact (section 1.2) that an argument can have more than
one logical form. In order to be valid, it is only necessary that an argument has one form which is
valid. Whee that is the case, it is irrelevant that the argument also has invalid forms. The form which
the above argumenhasaccording to propositional logic is invalid, but there is also another sort of
logic, predicate logi¢® and according to this logic the gument does have a valid form. The
argument is therefore valid.

It may seen useful to continue with the study of predicate logic at this point, but for the time being

this would lead to far. Instead, waill focus on seOl f £ SR WOt | a4 & ffrdigale®™OBE | LINS
GKAOK &addzRASA& | &ALISOATAO a2NIl 27F | NBdzySyda OFff
arguments which deal with classes of individuals (categories). The advantage of discussing class logic
here is threefold:

1. The validityof categorical syllogism can be visualised by means of a graphic tool, the so
OFrfft SR WxSyy RAFANIYAQOD

2. Categorical syllogisms arvery suitable for analysing the application of legal rules. The
application of a legal rule to an individual case is therefd@®@ F SNNBER (2 | a Wt S3If

3. Testing the validity of arguments in class logic is easier than in predicate logic.

This chaptewill therefore discuss class logic. We start by introducing a number of basic concepts of
this logic in section 2. Sectidhexplains what categorical syllogisms are. In section 4 we see how
Venn diagrams can be used to test the validity of these syllogisms. Lastly, we discuss a humber of

®*There are many more logics, but leave them out of consideration here.
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rules by means of which the validity of categorical syllogisms can easily be assesbedcdntext,
S faz2z RA&AOdzaa G(KS mc RAFTFSNBYyOH F2Nyxa 2F (GKS

Before wecontinue,a word of warning isin order. Syllogisticis an ancient form of logic which was
already discussed by Aristotle (3822BC) and further developed during the middle ages. What
we are going to discuss in the following sections is not completely congruent with the traditional
treatment of syllogistics but is influenced by modern predicate I8itistorical correctness is not
the aim of this chapter. Instead, Will content itself with explaining how to recognise categorical
syllogisms and how to assess their validity.

2. CLASSES AND INDIVADS

The example at the beginning of this chapter dealt with classes of persongriaveople who like

mathematics, and nerds. The argument was about how these classes relate to each other. The first

premise stated thamembers of the class of lawyers do not belong to the class of those who like
mathematics. The second premise statéattnerds do belong to this class. The conclusion was that
lawyers are therefore not nerds.

The logic we are discussing in this chapter is class logic, thus logic in which classes play a special role.

A class consists of a number of individuals whicBlalle a certain characteristic. This characteristic
defines the class. It maperefore be that being a layer is such a defining characteristic, or being a
nerd, or having a liking for mathematics. But also cows constitute a class, just as chairsyvpdncils
broken tips, world travellers who have never beenNepalor mail boxes which have been painted
yesterday. In shortclasses can be defined in very different ways, but they always consist of
individuals that share a particular characteristic, howes@mplicated or narrowly defined.

It is notper sethe case that there are in fact any individuals in a cldss; for instance, othe class

of winged horses, the class of squaiecles, or the class of generous scrooges. There are also class
which by definition contain only one individual, for example the class of persons identical to Queen
Elisabeth Il, or the class consisting of the number thadlenmbers three, but of course there is only
one).

Wewill later see that it is sometimes useful ieeat an individual as a class with only one element.

3. VENN DIAGRAMS

The most interesting categorical syllogisms have two premises and deal with three different classes.
But there are also arguments which deal with only two classes. The study of thpements is

better suited to showing what class logic is about. They only need a single premise in order to be
valid.

3.1  Euler diagrams

Consider the following argument:

Lawyers are not nerds.

Nerds are not lawyers.

n particular, we are not going to claim that classes are not empty.
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Thisis a valid argumentWhy this is so becomes apparent once you realise that, according to the
premise, the class of lawyers falls entirely outside the class of nerds. This is illustrated by the
followingdiagram

The same diagram can also be used tovslthat nerds are not lawyers. In fact, the propositions that
lawyers are not nerds and that nerds are not lawyers are equivalent: it is impossible that one of them
is true while the other one ifalse An argument in which one of these two propositionshis only
premise and the other one is the conclusion is therefore valid.

The diagram above, in which the circles represent the scope of the propositions, -isaiesbEuler
diagram, named after the famous Swiss mathematician Leonhard Euler{¥83J.

Another example of an Euler diagram is the following one, which represents the proposition that all
lawyers are intelligent beings.

Intelligent beings

EulerRA L ANI Ya FFNB dzaS¥dA Ay GKFIG GKSe Fftft2¢ dza G:
However, thé disadvantage is that in order to draw such a diagram one actually has to know
beforehand whether or not an argument is valid.
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3.2  Venn diagrams

We will therefore work with a different sort of diagrams, the -salled Venn diagrams. These
diagrams are naed after the English logician John Archibald Venn (4828). Venn diagrams are
slightly less easy to read that Euler diagrams, but their advantage is that they can be drawn even
without a full grasp of an argument. Venn diagrams are therefore more deitba tool to assess

the validity of arguments.

Venn diagrams always consist of intersecting cirdkes an argument which deals with two classes,
we need two circles which are drawn in the following way:

The left circle represents one class, for reyde that of lawyers. The right circle represents the other
class, here that of nerds. The part of the diagram in which the two circles overlap stands for
everything which falls into both classes, thus for all lawyers who are also netdghich is the ame

¢ for all nerds who are also lawyers.

3.3 Classes with an emptintersection

The first premise of our example argument states that lawyers are not nerds. Expressed in the

terminology of classes, this means that the area in which the class of laaryethe class of nerds

overlap does not contain any elements. This overlapping &rda O f f S R oylitK $2 TP Alydi2S N& S C
classes. If there are no lawyers who are also nerds, this intesgectiA & WSYLIie Qo Ly | +8S
this is expressed by scratchingtdlie area which stands for thiatersection that isthe area where

the two circles overlap. This looks as follows:
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The proposition that no lawyers are nerds would result in precisely the same drawing; that already

tells you that the propositiortontains the same information as the proposition that lawyers are not
YSNRaAa® S5NIFgAy3ad 2yS LINRLRAAIGA2 YR yiaikel 4 F+yS2yilyK RN LI
is also true. Therefore it is possible to validly dezloe proposition from anothe

From the proposition that lawyers are not nerds, it can be deduced that nerds are not lawyers, and
vice versa.

It is clear that this does not only count for lawyers and nerds. From the proposition that cows are not
horses, it can be deduced that hossare not cows, and vice versa. The drawing would be exactly the
alYST 2yfteée (GKS ftlFroSta WilgedSNEQ YR WySNRaAQ ¢2d
leaving the labels out altogether, we transform the diagram from the representation of one
argument into the representation of éorm of argumentation The Venn diagram then shows that

this form of argumentation is valid.

3.4 Classes with common elements

Consider the following argument:

Some lawyers are nerds.

Same nerds are lawyers.

This is also a valid argument. Why this is so becomes clear once we realise that the class of lawyers
contains members (elements) which are also members of the class of nerds. That a class contains at
least one element is indicated Menn diagram by inserting an X into the circle which represents this
class. Both of the following arguments indicate that at least one lawyer exists:

44



ELEMENTARY LOGIC FOR LAWMRRIHAGED16)

But there is a difference between whtte two diagrams say. In the first diagram, the X is latate
within the circle of lawyerdrfdicating thatat least one lawyer exists) but outside the circle of nerds.
According to this diagram, there isaiftefore at least one lawyer who is not a nerd.

In the second diagram, the X is located in itersectionof the two circlesthat isboth in the circle

of lawyers and in the circle of nerds. Hence, this diagram indicates that there is at least one lawyer
who is also a nerdBut the same diagram says that there is at least one nerd who is also a lawyer.

Hence,according to this diagram, both propositions mean the same and one can be validly deduced
from the other.

Also here, leaving out the labels transforms the diagram from a representation of one argument
into the representation of amrgumentative form Fromthe fact that there is at least one X which
is also Y, it can be deduced that there is at least one Y which is also X.

In fact, both of the two diagrams above contain more information than that there are lawyers. The
first diagram indicates that there adawyers who are not nerds; the second one indicates that there
are lawyers who are also nerds. Can a Venn diagram also indicate that there are lawyers without
simultaneously saying anything about nerds? Yes, this is possible by placing the X on thinborde

of the nerd circle and within the lawyer circle. This signals that the question whether or not the
existing lawyer is also a nerd.

45



ELEMENTARY LOGIC FOR LAWMRRIHAGED16)

Lawyers Nerds

X

Therefore the above diagram only shows thttere are lawyers; the circle for nerds is actually
superfluous anatould just as well have been omitted from the diagram.

35 Classes which contain each other

Consider the following argument:

All thieves are criminals.

Some criminals are thieves.

Perhaps this argument seems validiggt glance, but it is not’ Why it is invalid can easily be
illustrated by means of Venn diagrams. Let us start by drawing one for the premise:

Thieves Criminals

CKS LINRLRaAAGAZY (GKFG FfEf GKASOSE I NB ONR&SAYI T &
OANDE SQ 6KAOK R2Sa y2i AYiSNESOG GKS WONRYAYIl Tt &
non-criminals. In other words, as far as there are thieg@sd nothing is said about that yetthose
GKAS@Sa Ffaz Tl INRIMYKAXY QDK SvSTSHFIBANNE ONP 4BQA y I 2«
this part of the category does not contain any elements. But that dumsautomatically mean,

conversely, that the part of the circle which has not been crossed out does carigielements.

Only Xs indicate that (a part of) a class contains one or more elements.

On the basis of this diagram, there dderefore be two sorts of criminals, namely criminals who are
thieves and criminals who are not thieves (for example drunk drivers or murdefEng former

In traditional syllogistics the argument would be valid, since tradél syllogistics assumes that there are no
empty classes.
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category is represented by the part of the diagram in which the two circles intersect; the second by
GKFG LINIL 2F GKS WONRAYAYLFfaQ OANDES 6KAOK R2Sa
parts is crossed out, so both may pibbgcontain one or more elements.

However, there are no crosses in this diagram. Hence, we do not know whether the classes contain
any elements. That may well be the case, but the premise does not provide us with any information.
Therefore we do not kow whether there are criminal thieves, or criminals who are not thieves. In
fact, we do not even know whether any criminals exist atTdle diagram does not allow us to draw

any conclusions as to the existence of criminal thieves, and therefore weasmt conclude that

some criminals are thieves. The argumerthereforeinvalid.

We will see the latter conclusion again (in section 5.2) in the form of the rule that from universal
premises, which only say something about classes as a whole, neeadidision can be drawn with
respect to the existence of any elements in those classes.

4 ARGUMENTS WITH TWRHEMISES

4.1  Venn diagrams with three circles

Traditional categorical syllogisms are always arguments with two premises which deal with three
clases. The following argument is an example:

All thieves are criminals.
All criminals are punishable.

Allthieves are punishable.

This is a valid argumerit order to show that it is valid, we need a Venn diagrath Wiree circles
which represent the class of thieves, the class of criminals and the class of punishable persons,
respectively. A Venn diagram representing three classes usually looks as follows:

In this diagram, there are three intersecting circlelseyl are drawn in such a way that all forms of
overlap between categories are possible:
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- landIl, but not Il

- land Ill, but not Il

- lland lll, but not I and
- I, lland lll.

4.2 Classes which contain each other

If we want to represent the example argumeabove, we can start with the representation of the
first premise. In principle is does not matter in which order the premises are entered into the
diagram, but for reasons wwill see later (in section 4.3) it is often useful to start with those
premises vinich say something about the relevant classes as a wWieftare considering the premises
which deal with one or more elements of these classes.

¢KS LINBYAAS GKIFG Fff GKASOHSAa IINB ONAYAyLFfa Aa |
circlewhichF I t f & 2dziaARS GKS WONARYAYIlfaQ OANDfSod ¢KS |
then looks as follows:

Crimnals

Thieves Punishable persons

¢KS LINBYAA
circle which falls ot A

S GKFEG Fff ONAYAYyLFEa NB LldzyAakKlFIofS A3
RS (KS WLlzyAaKFIotfS LISNE2YyaQ OANDE SO ¢f
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